The long history of the theory of option pricing began in 1900 when the French mathematician Louis Bachelier deduced an option pricing formula based on the assumption that stock prices follow a Brownian motion wit11 zero drift. Since that time, numerous researchers have contributed to the theory. The present paper begins by deducing a set of restrictions on option pricing formulas from the assumption that investors prefer more to less. These restrictions are necessary conditions for a formula to be consistent with a rational pricing theory. Attention is given to the problems created when dividends are paid on the underlying common stock and when the terms of the option contract can be changed explicitly by a change in exercise price or implicitly by a shift in the investment or capital structure policy of the j r m . Since the deduced restrictions are not s~lfJicientto ~rniquelydetermine an option pricing formula, additional ass~imptionsare introduced to examine and extend the seminal Black-Scholes theory of option pricing. Explicit formulas for pricing both call and put options as well as,for warrants and the new "down-and-out" option are derived. The effects of dividends and call provisions on the warrant price are examined. The possibilities for further extension of the theory to the pricing of corporate liabilities are discussed.
The theory of warrant and option pricing has been studied ex-1. Introduction tensively in both the academic and trade literature. ' The approaches taken range from sophisticated general equilibrium models to ad hoc statistical fits. Because options are specialized and relatively unimportant financial securities, the amount of time and space devoted to the development of a pricing theory might be questioned. One justification is that, since the option is a particularly simple type of contingent-claim asset, a theory of option pricing may lead to a general theory of contingent-claims pricing. Some have argued that all such securities can be expressed as combinations of basic option contracts, and, as such, a theory of option pricing constitutes a because the probability distribution of the stock price return is unaffected by the creation of these options, which is not in general the case when they are issued by firms in positive amount^.^ The "bucketshop" assumption is made throughout the paper although many of the results derived hold independently of this assumption.
The notation used throughout is: F(S, T ; E ) -the value of an American warrant with exercise price E and T years before expiration, when the price per share of the common stock is S ; ,f(S, T ; E ) -the value of its European counterpart; G(S, T; E ) -the value of an American put option; and g(S, T; E ) -the value of its European counterpart.
From the definition of a warrant and limited liability, we have that F ( S , r ; E ) Z O ; f ( S , r ; E ) ? O (1) and when T = 0, at expiration, both contracts must satisfy
Further, it follows from conditions of arbitrage that
In general, a relation like (3) need not hold for a European warrant.
Dejitzitio~z: Security (portfolio) A is dominarzt over security (portfolio) B, if on some known date in the future, the return on A will exceed the return on B for some possible states of the world, and will be at least as large as on B, in all possible states of the world.
Note that in perfect markets with no transactions costs and the ability to borrow and short-sell without restriction, the existence of a dominated security would be equivalent to the existence of an arbitrage situation. However, it is possible to have dominated securities exist without arbitrage in imperfect markets. If one assumes something like "symmetric market rationality" and assumes further that investors prefer more wealth to less,8 then any investor willing to purchase security B would prefer to purchase A.
Assumptiot~I : A necessary condition for a rational option pricing theory is that the option be priced such that it is neither a dominant nor a dominated security.
Given two American warrants on the same stock and with the same exercise price, it follows from Assumption I, that F(S, TI; E ) 2 F(S, 72; E ) if T~ > 72, (4) and that F(S, T ; E ) 2 f(S, T; E).
(5 )
Further, two warrants, identical in every way except that one has a larger exercise price than the other, must satisfy
F(S, T; El) 5 F(S, T ; E2) (6) ( S , T ; E~) S~( S , T ; E~)
if E l > E z .
and Exploration stock it owns and City Investing selling warrants against shares of General Development Corporation stock it owns.) See Merton [29] , Section 2. See Modigliani and Miller [35] , p. 427, for a definition of "symmetric market rationality."
Because the common stock is equivalent to a perpetual (T = zc ) American warrant with a zero exercise price (E = 0), it follows from (4) and (6) that s 2 F(S, T ; E), (7) and from (1) and (7), the warrant must be worthless if the stock is, i.e., Let P(T) be the price of a riskless (in terms of default), discounted loan (or "bond") which pays one dollar, T years from now. If it is assumed that current and future interest rates are positive, then 1 = P(0) > P(TI)> P(72) > ' ' ' > P( Tn) for O < TI < 7 2 < . . . < 7 7 2 ) (9) at a given point in calendar time.
Theorem I . If the exercise price of a European warrant is E and if no payouts (e.g. dividends) are made to the common stock over the life of the warrant (or alternatively, if the warrant is protected against such payments), then f(S, T ; E) 2 Max[O, S -EP(T)].
Proof: Consider the following two investments:
A: Purchase the warrant for f(S, T ; E);
Purchase E bonds at price P(7) per bond.
Total investment: f(S, T; E) + EP(T).
B: Purchase the common stock for S. Total investment: S.
Suppose at the end of T years, the common stock has value S*. Then, the value of B will be S*. If S* 5 E, then the warrant is worthless and the value of A will be 0 + E = E. If S* > E, then the value of A will be (S* -E) + E = S*. Therefore, unless the current value of A is at least as large as B, A will dominate B. Hence, by Assumption 1,
f(S, T ; E ) + EP(T) 2 S, which together with (I), implies that f(S, T ; E ) 2 Max[O, S -EP(T)]. Q.E.D.
From ( 5 ) , it follows directly that Theorem 1 holds for American warrants with a fixed exercise price over the life of the contract. The right to exercise an option prior to the expiration date always has nonnegative value. It is important to know when this right has zero value, since in that case, the values of an European and American option are the same. In practice, almost all options are of the American type while it is always easier to solve analytically for the value of an European option. Theorem 1 significantly tightens the bounds for rational warrant prices over (3) . In addition, it leads to the following two theorems.
Theorem 2.
If the hypothesized conditions for Theorem 1 hold, an American warrant will never be exercised prior to expiration, and hence, it has the same value as a European warrant.
Proof: If the warrant is exercised, its value will be Max[O, S -El.
But from Theorem 1, F(S, T; E ) 2 Max[O, S -EP(T)], which is
larger than Max[O, S -El for T > 0 because, from (9) , P(T) < 1.
Hence, the warrant is always worth more "alive" than "dead." Q.E.D.
Theorem 2 suggests that if there is a difference between the American and European warrant prices which implies a positive probability of a premature exercise, it must be due to unfavorable changes in the exercise price or to lack of protection against payouts to the common stocks. This result is consistent with the findings of Samuelson and Merton." It is a common practice to refer to Max[O, S -El as the itztrinsic val~ie of the warrant and to state that the warrant must always sell for at least its intrinsic value [condition (3)]. In light of Theorems 1 and 2, it makes more sense to define Max[O, S -EP(T)] as the intrinsic value. The latter definition reflects the fact that the amount of the exercise price need not be paid until the expiration date, and EP(T) is just the present value of that payment. The difference between the two values can be large, particularly for long-lived warrants, as the following theorem demonstrates.
T/zeorem 3. If the hypothesized conditions for Theorem 1 hold, the value of a perpetual (T = rn ) warrant must equal the value of the common stock.
Proof: From Theorem 1, F(S, 3c ; E ) 2 Max[O, S -EP(= )]. But, P ( co ) = 0, since, for positive interest rates, the value of a discounted loan payable at infinity is zero. Therefore, F(S, rn ; E ) 2 S. But from (7), S 2 F(S, co; E). Hence, F(S, co; E) = S. Q.E.D.
Samuelson, Samuelson and Merton, and Black and Scholeslo have shown that the price of a perpetual warrant equals the price of the common stock for their particular models. Theorem 3 demonstrates that it holds independent of any stock price distribution or risk-averse behavioral assumptions."
The inequality of Theorem 1 demonstrates that a finite-lived, rationally-determined warrant price must be a function of P(T). For if it were not, then, for some sufficiently small P(T) (i.e., large interest rate), the inequality of Theorem 1 would be violated. From the form of the inequality and previous discussion, this direct dependence on the interest rate seems to be "induced" by using as a variable, the exercise price instead of the present value of the exercise price (i.e., I conjecture that the pricing function, F[S, T; E, P(T)], can be written as W(S, T; e), where e = EP(r).12 If this is SO, then the qualitative effect of a change in P on the warrant price would be similar to a change in the exercise price, which, from (6), is negative. Therefore, the warrant price should be an increasing function of the interest rate. This finding is consistent with the theoretical models of Samuel- [4] , respectively. l1 It is a bit of a paradox that a perpetual warrant with a positive exercise price should sell for the same price as the common stock (a "perpetual warrant" with a zero exercise price), and, in fact, the few such outstanding warrants do not sell for this price. However, it must be remembered that one assumption for the theorem to obtain is that no payouts to the common stock will be made over the life of the contract which is almost never true in practice. See Samuelson and Merton [43] , pp. 30-31, for further discussion of the paradox.
l 2 The only case where the warrant price does not depend on the exercise price is the perpetuity, and the only case where the warrant price does not depend on P(T) is when the exercise price is zero. Note that in both cases, e = 0, (the former because P(.o ) = 0, and the latter because E = O), which is consistent with our son and Merton and Black and Scholes and with the enlpirical study by Van H[orne. 13 Another argument for the reasonableness of this resalt comes from recognizing that a European warrant is equivalent to a long position in the common stock levered by a limited-liability, discount loan, where the borrower promises t o pay E dollars at the end of T period:, but in the event of default, is only liable to the extent of the value of the common stock at that time.14 If the present value of such a loan is a decreasing filnct~on of the interest rate, then, for a given stock price, the warrant price will be an increasing function of the interest rate.
We now establish two theorems about the effect of a change in exercise price on the price of the warrant. Hence, to avoid domillance, the current value of portfolio B must be less than or equal t o the current value of portfolio A. Thus, the theorem is proved for a European warrant. Since nowhere in the argunient is any factor involving T used, the same results would obtain if the warrants in the two portfolios were exercised prematurely. Hence, the theorem holds for American warrants. Q.E.D.
Theorem 5. If f ( S , T ; E ) is a rationally determined European warrant price, then for El < E2, -P(r)(E2 -E l ) S , f ( S , T ; E?)
-,f(S, 7 ; E l ) < 0. Further, iff is a differentiable function of its exercise price, -P ( T ) < df ( S , T ; E)/dE < 0.
Proof: The right-hand inequality follows directly from (6) . The left-hand mequality follows from a dominance argument. Let portfolio A contain a warrant t o purchase the stock at EL and (E2-E l ) bonds at price P ( T )per bond. when S* < E2, and equal to it when S* > E2. So, t o avoid dominance,,f(S, T; El) 5 f(S, T ; Ez) +P(T)(& -El). The inequality on the derivative follows by dividing the discrete-change inequalities by (E2 -El) and taking the limit as E 2 tends t o El. Q.E.D.
If the hypothesized conditions for Theorem I hold, then the inequalities of Theorem 5 hold for American warrants. Otherwise, we only have the weaker inequalities, -(E2 -El) 5 F(S, T; E2)
-F(S, T; El) 5 0 and -1 5 dF(S, T; E)/dE < 0.
Let Q(t) be the price per share on a common stock at time t and Fg(Q, r ; Eg) be the price of a warrant to purchase one share of stock at price Eg on or before a given date T years in the future, when the current price of the common stock is Q.
Theorem 6. If k is a positive constant; Q(t) = kS(t); Eg = kE, then FQ(Q, T ; E g ) = kF(S, T ; E ) for all S, T ; E and each k.
Proof: Let S* be the value of the common stock with initial value S when both warrants either are exercised or expire. Then, by the hypothesized conditions of the theorem, Q = Q* = kS* and Eg = kE. The value of the warrant on Q will be Max[O, Q:'' -Eg] = k Max[O, S* -E ] which is k times the value of the warrant on S. Hence, t o avoid dominance of one over the other, the value of the warrant on Q must sell for exactly k times the value of the warrant on S. Q.E.D.
The implications of Theorem 6 for restrictions on rational warrant pricing depend on what assumptions are required t o produce the hypothesized conditions of the theorem. In its weakest form, it is a dimensional theorem where k is the proportionality factor between two units of account (e.g., k = 100 cents/dollar). If the stock and warrant markets are purely competitive, then it can be interpreted as a scale theorem. Namely, if there are no economies of scale with respect to transactions costs and no problems with indivisibilities, then k shares of stock will always sell for exactly k times the value of one share of stock. Under these conditions, the theorem states that a warrant t o buy k shares of stock for a total of (kE) dollars when the stock price per share is Sdollars, is equal in value to k times the price of a warrant to buy one share of the stock for E dollars, all other terms the same. Thus, the rational warrant pricing function is homogeneous of degree one in S and E with respect to scale, which reflects the usual constant returns t o scale results of competition.
Hence, one can always work in standardized units of E = 1 where the stock price and warrant price are quoted in units of exercise price by choosing k = 1/E. Not only does this change of units eliminate a variable from the problem, but it is also a useful operation to perform prior t o making empirical comparisons across different warrants where the dollar amounts may be of considerably different magnitudes.
Let F,(S,, 7,; E,) be the value of a warrant on the common stock of firm i with current price per share S, when T, is the time t o expiration and E, is the exercise price. Theorem 7 and its Corollary suggest the more general proposition that the more risky the common stock, the more valuable the warrant. In order t o prove the proposition, one must establish a careful definition of "riskiness" or "volatility."
Defiizitiorz: Security one is more risky than security two if Z l ( r ) = 2 2 ( T ) + E where E is a random variable with the property 
t~. Note that, by conn n struction, the Z % ( T ) are identically distributed. Hence, by the Corollary to Theorem 7 with A, = l/n, Fn+l(S,T ; E ) _< F,(S, T ; E ) for i = 1, 2, . . . , n. By the law of large numbers, Zn+1(7)converges in probability to Z ( T )as n --+a, and hence, by Assumption 2, limit
Thus, the more uncertain one is about the outcomes on the common stock, the more valuable is the warrant. This finding is consistent with the empirical study by Van Horne. 16 To this point in the paper, no assumptions have been made about the properties of the distribution of returns on the common stock. If it is assumed that the { z ( t ) }are independently distributed," then the distribution of the returns per dollar invested in the stock is independent of the initial level of the stock price, and we have the following theorem :
Theorem 9 . If the distribution of the returns per dollar invested in the common stock is independent of the level of the stock price, then F(S, T ; E) is homogeneous of degree one in the stock price per share and exercise price. Although similar in a formal sense, Theorem 9 is considerably stronger than Theorem 6, in terms of restrictions on the warrant pricing function. Namely, given the hypothesized conditions of Theorem 9, one would expect to find in a table of rational warrant values for a given maturity, that the value of a warrant with exercise price E when the common stock is at S will be exactly k times as l5 The two other equivalent definitions are: (1) every risk averter prefers X to ( 2 ) Y has more weight in the tails than X. In addition, they show that if Y has greater variance than X , then it need not be more risky in the sense of the other three definitions. It should also be noted that it is the total risk, and not the systematic or portfolio risk, of the common stock which is important to warrant pricing. In [39] valuable as a warrant on the same stock with exercise price E l k when the common stock is selling for S/k. In general, this result will not obtain if the distribution of returns depends on the level of the stock price as is shown by a counter example in Appendix 1.
Theorem 10. If the distribution of the returns per dollar invested in the common stock is independent of the level of the stock price, then F(S, 7 ; E ) is a convex function of the stock price.
Proof: To prove convexity, we must show that if then, for every X, 0 5 X 5 1,
for 0 5 y 5 1 and E3 = yE1 + (1 -y)E2. Take y -XSl /S3, El = E/Sl, and E2 -E/ S2. Multiplying both sides of the inequality by S3, we have that
From Theorem 9, F is homogeneous of degree one in S a n d E. Hence, By the definition of El, Ez, and Ea, this inequality can be rewritten as
Although convexity is usually assumed to be a property which always holds for warrants, and while the hypothesized conditions of Theorem 10 are by no means necessary, Appendix 1 provides an example where the distribution of future returns on the common stock is sufficiently dependent on the level of the stock price, to cause perverse local concavity.
Based on the analysis so far, Figure 1 illustrates the general shape that the rational warrant price should satisfy as a function of the stock price and time.
FIGURE 1 EP ( T 2 )
EP (7,) E A number of the theorems of the previous section depend upon 3. Effects of dividends the assumption that either no payouts are made to the common stock and changing over the life of the contract or that the contract is protected against exercise price such payments. In this section, the adjustments required in the contracts to protect them against payouts are derived, and the effects of payouts on the valuation of unprotected contracts are investigated. The two most common types of payouts are stock dividends (splits) and cash dividends.
In general, the value of an option will be affected by unanticipated changes in the firm's investment policy, capital structure (e.g., debtequity ratio), and payout policy. For example, if the firm should change its investment policy so as to lower the riskiness of its cash flow (and hence, the riskiness of outcomes on the common stock), then, by Theorem 8, the value of the warrant would decline for a given level of the stock price. Similarly, if the firm changed its capital structure by raising the debt-equity ratio, then the riskiness of the common stock would increase, and the warrant would become more valuable. If that part of the total return received by shareholders in the form of dividends is increased by a change in payout policy, then the value of an unprotected warrant would decline since the warrantholder has no claim on the dividends.lY
While it is difficult to provide a set of adjustments to the warrant contract to protect it against changes in investment or capital structure policies without severely restricting the management of the firm, there do exist a set of adjustments to protect the warrant holders against payouts.
Definition: An option is said to be payout protected if, for a fixed investment policy and fixed capital structure, the value of the option is invariant to the choice of payout policy.
Theorem 11.If the total return per dollar invested in the common stock is invariant to the fraction of the return represented by payouts and if, on each expayout date during the life of a warrant, the contract is adjusted so that the number of shares which can be purchased for a total of E dollars is increased by (d/S.c) percent where d is the dollar amount of the payout and Sxis the expayout price per share of the stock, then the warrant will be payout protected.
Proof: Consider two firms with identically distributed total returns per dollar invested in the common stock, zi(t), i = 1, 2, and whose initial prices per share are the same (S1 = Sz= S). For firm i, let Xi(t)(t > 1) be the return per dollar in period t from payouts and xi(t) be the return per dollar in period t from capital gains, such that zi(t) = X,(t)xi(t). Let Ni(t) be the number of shares of firm i which the warrant of firm i has claim on for a total price of E, at time t
where SiL(t)= x,(k)S is the expayout price per share at time t.
Therefore, by the hypothesized conditions of the theorem, N,(t) = X,(t)Ni(t -1). On the date when the warrants are either exercised or expire, the value of the warrant on firm i will be
hypothesis, the z,(t) are identically distributed, the distribution of outcomes on the warrants of the two firms will be identical. Therefore, by Assumption 2, F1(S, T; E) = FZ(S, T; E), independent of the particular pattern chosen for the X,(t). Q.E.D.
Note that if the hypothesized conditions of Theorem 11 hold, then the value of a protected warrant will be equal to the value of a warrant which restricts management from making any payouts to the common stock over the life of the warrant (i.e., Xi(t) -= 1). Hence, a protected warrant will satisfy all the theorems of Section 2 which depend on the assumption of no payouts over the life of the warrant.
Corollary. If the total return per dollar invested in the common stock is invariant to the fraction of the return represented by payouts; if there are no economies of scale; and if, on each expayout date during the life of a warrant, each warrant to purchase one share of stock for exercise price E, is exchanged for A( = 1 + d/SL) warrants to purchase one share of stock for exercise price E/A, then the warrant will be payout protected.
Proof: By Theorem 11, on the first expayout date, a protected warrant will have claim on X shares of stock at a total exercise price of E. By hypothesis, there are no economies of scale. Hence, the scale interpretation of Theorem 6 is valid which implies that the value of a warrant on A shares at a total price of E must be identically (in A) equal to the value of X warrants to purchase one share at an exercise price of E/X. Proceeding inductively, we can show that this equality holds on each payout date. Hence, a warrant with the adjustment provision of the Corollary will be payout protected. Q.E.D.
If there are no economies of scale, it is generally agreed that a stock split or dividend will not affect the distribution of future per dollar returns on the common stock. Hence, the hypothesized adjustments will protect the warrant holder against stock splits where A is the number of postsplit shares per presplit share.lg
The case for cash dividend protection is more subtle. In the absence of taxes and transactions costs, Miller and ModiglianiZO have shown that for a fixed investment policy and capital structure, dividend policy does not affect the value of the firm. Under their hypothesized conditions, it is a necessary result of their analysis that the total return per dollar invested in the common stock will be invariant to payout policy. Therefore, warrants adjusted according to either Theorem 11 or its Corollary, will be payout protected in the same l9 For any particular function, F(S, . T ; E), there are many other adjustments which could leave value the same. However, the adjustment suggestions of Theorem 11 and its Corollary are the only ones which do so for every such function. In practice, both adjustments are used to protect warrants against stock splits. See Braniff Airways 1986 warrants for an example of the former and Leasco 1987 warrants for the latter. A could be less than one in the case o f a reverse split.
""I [35] .
sense that Miller and Modigliani mean when they say that dividend policy "doesn't matter."
The principal cause for confusion is different definitions of payout protected. Black and ScholesZ1 give an example to illustrate "that there may not be any adjustment in the terms of the option that will give adequate protection against a large dividend." Suppose that the firm liquidates all its assets and pays them out in the form of a cash dividend. Clearly, Si = 0, and hence, the value of the warrant must be zero no matter what adjustment is made to the number of shares it has claim on or to its exercise price.
While their argument is correct, it also suggests a much stronger definition of payout protection. Namely, since their example involves changes in investment policy and if there is a positive supply of warrants (the nonincipient case), a change in the capital structure, in addition to a payout, their definition would seem to require protection against all three.
To illustrate, consider the firm in their example, but where management is prohibited against making any payouts to the shareholders prior to expiration of the warrant. It seems that such a warrant would be called payout protected by any reasonable definition. It is further assumed that the firm has only equity outstanding (i.e., the incipient case for the warrant) to rule out any capital structure effects.22
Suppose the firm sells all its assets for a fair price (so that the share price remains unchanged) and uses the proceeds to buy riskless, 7-period bonds. As a result of this investment policy change, the stock becomes a riskless asset and the warrant price will fall to Max[O, S -EP]. Note that if S < EP, the warrant will be worthless even though it is payout protected. Now lift the restriction against payouts and replace it with the adjustments of the Corollary to Theorem 11. Given that the shift in investment policy has taken place, suppose the firm makes a payment of y percent of the value ofthe firm to the shareholders. Then, Sx= (1 -y ) S and
The value of the warrant after the payout will be
which is the same as the value of the warrant when the company was restricted from making payouts. In the B-S example, y = 1 and so, A = cc and E/X = 0. Hence, there is the indeterminancy of multiplying zero by infinity. However, for every y < 1, the analysis is correct, and therefore, it is reasonable to suspect that it holds in the limit.
A similar analysis in the nonincipient case would show that both investment policy and the capital structure were changed. For in this case, the firm would have to purchase y percent of the warrants outstanding to keep the capital structure unchanged without issuing new stock. In the B-S example where y = 1, this would require purchasing 21 I11 [4] . 22 The incipient case is a particularly important example since in practice, the only contracts that are adjusted for cash payouts are options. The incipient assumption also rules out "capital structure induced" changes in investment policy by malevolent management. For an example, see Stiglitz [50] . the entire issue, after which the analysis reduces to the incipient case. The B-S emphasis on protection against a "large" dividend is further evidence that they really have in mind protection against investment policy and capital structure shifts as well, since large payouts are more likely to be associated with nontrivial changes in either or both.
It should be noted that calls and puts that satisfy the incipient assumption have in practice been the only options issued with cash dividend protection clauses, and the typical adjustment has been to reduce the exercise price by the amount of the cash dividend which has been demonstrated to be i n c o r r e~t .~~ To this point it has been assumed that the exercise price remains constant over the life of the contract (except for the before-mentioned adjustments for payouts). A variable exercise price is meaningless for an European warrant since the contract is not exercisable prior to expiration. However, a number of American warrants do have variable exercise prices as a function of the length of time until expiration. Typically, the exercise price increases as time approaches the expiration date.
Consider the case where there are n changes of the exercise price during the life of an American warrant, represented by the following schedule :
Exercise Price
Time until Expiration ( 7 ) where it is assumed that E,,, < E, Proceed inductively by this dynamic-programming-like technique, until the current value of the modified European warrant is determined. Typically, the number of exercise price changes is small, so the technique is colnputationally feasible. Often the contract conditions are such that the warrant will never be prematurely exercised, in which case, the correct valuation will be the standard European warrant treatment using the exercise 23 By Taylor series approximation, we can compute the loss to the warrant holder of the standard adjustment for dividends: namely,
, by the first-degree homogeneity of F in (S, E). Hence, to a first approximation, for S = E, the warrant will lose ( d / S ) percent of its value by this adjustment. Clearly, for S > E, the percentage loss will be smaller and for S < E, it will be larger.
price at expiration, E,. If it can be demonstrated that
for all S 2 0 and j = 0, 1, . . . , N -1, (10) then the warrant will always be worth more "alive" than "dead," and the no-premature exercising result will obtain. From Theorem 1,
Hence, from (lo), a sufficient condition for no early exercising is that
The economic reasoning behind (11) is identical t o that used t o derive Theorem 1. If by continuing to hold the warrant and investing the dollars which would have been paid for the stock if the warrant were exercised, the investor can with certainty earn enough t o overcome the increased cost of exercising the warrant later, then the warrant should not be exercised.
Condition (1 1) is not as simple as it may first appear, because in valuing the warrant today, one must know for certain that (1 1) will be satisfied at some future date, which in general will not be possible if interest rates are stochastic. Often, as a practical matter, the size of the exercise price change versus the length of time between changes is such that for almost any reasonable rate of interest, (1 1) will be satisfied. For example, if the increase in exercise price is 10 percent and the length of time before the next exercise price change is five years, the yield t o maturity on riskless securities would have t o be less than 2 percent before (11) would not hold.
As a footnote t o the analysis, we have the following Corollary.
Corollary. If there is a finite number of changes in the exercise price of a payout-protected, perpetual warrant, then it will not be exercised and its price will equal the common stock price.
Proof: applying the previous analysis, consider the value of the warrant if it survives past the last exercise price change, F,(S, rn ;Eo). By Theorem 3, Fo(S, a: ; Eo) = S. Now consider the value just prior to the last change in exercise price, Fl(S, rn ; El). It must satisfy the boundary condition,
Proceeding inductively, the warrant will never be exercised, and by Theorem 3, its value is equal t o the common stock. Q.E.D.
The analysis of the effect on unprotected warrants when future dividends or dividend policy is known," follows exactly the analysis of a changing exercise price. The arguments that no one will prematurely exercise his warrant except possibly at the discrete points in time just prior to a dividend payment, go through, and hence, the modified European warrant approach works where now the boundary conditions are F,(S, 7,; E ) 1 , 2, . . . , 11.
In the special case, where future dividends and rates of interest are known with certainty, a sufficient condition for no premature exercising is that2"
(12)
We have shown that the only reasons for premature exercising are lack of protection against dividends or sufficiently unfavorable exercise price changes. Further, such exercising will never take place except at boundary points. Since dividends are paid quarterly and exercise price changes are less frequent, the Samuelson recursive formulation with the discrete-time spacing matching the intervals between dividends or exercise price changes is actually the correct one, and the continuous solution is the approximation, even if warrant and stock prices change continuously ! Based on the relatively weak Assumption 1 , we have shown that dividends and unfavorable exercise price changes are the only rational reasons for premature exercising, and hence, the only reasons for an American warrant to sell for a premium over its European counterpart. In those cases where early exercising is possible, a computationally feasible, general algorithm for modifying a European warrant valuation scheme has been derived. A number of theorems were proved putting restrictions on the structure of rational European warrant pricing theory.
The put option, defined at the beginning of Section 2, has received relatively little analysis in the literature because it is a less popular option than the call and because it is commonly believedz7 that, given the price of a call option and the common stock, the value of a put is uniquely determined. This belief is false for American put options, and the mathematics of put options pricing is more difficult than that of the corresponding call option.
Using the notation defined in Section 2, we have that, at expiration,
To determine the rational European put option price, two portfolio positions are examined. Consider taking a long position in the common stock at S dollars, a long position in a T-year European put at g(S, T ; E ) dollars, and borrowing [EP'(T)] dollars where P'(T) is the current value of a dollar payable T-years from now at the borrowing rate28 (i.e., P'(T) may not equal P(T) if the borrowing and lending rates differ). The value of the portfolio T years from now with the stock price at S* will be: S* + ( E -S*) -E = 0, if S* 5 E, and S* + 0 -E = S* -E, if S* > E. The pay-off structure is identical in every state to a European call option with the same exercise price and duration. Hence, to avoid the call option from being a dominated security,29 the put and call must be priced so that
As was the case in the similar analysis leading to Theorem 1, the values of the portfolio prior to expiration were not computed because the call option is European and cannot be prematurely exercised.
Consider taking a long position in a T-year European call, a short position in the common stock at price S, and lending EP(T) dollars. The value of the portfolio T years from now with the stock price at S* will be: 0 -S* + E = E -S*, if S* 5 E, and (S* -E ) -S* + E = 0, if S* > E. The pay-off structure is identical in every state to a European put option with the same exercise price and duration. If the put is not to be a dominated security,30 then f(S, T ; E ) -S + EP(T) 2 g(S, 7; E ) (16) must hold.
Theorem 12. If Assumption 1 holds and if the borrowing and lending rates are equal [i.e., P(T) = P'(T)], then Proof: the proof follows directly from the simultaneous application of (15) and (16) when P'(T) = P(T). Q.E.D.
Thus, the value of a rationally priced European put option is determined once one has a rational theory of the call option value. The formula derived in Theorem 12 is identical to B-S's equation (26) , when the riskless rate, r, is constant (i.e., P ( T ) = e-Tr). Note "The borrowing rate is the rate on a T-year, noncallable, discounted loan.
To avoid arbitrage, P'(T) 5 P(T).
2Q
Due to the existent market structure, (15) must hold for the stronger reason of arbitrage. The portfolio did not require short-sales and it is institutionally possible for an investor to issue (sell) call options and reinvest the proceeds from the sale. If (15) did not hold, an investor, acting unilaterally, could make immediate, positive profits with no investment and no risk. 30 In this case, we do not have the stronger condition of arbitrage discussed in footnote (29) because the portfolio requires a short sale of shares, and, under current regulations, the proceeds cannot be reinvested. Again, intermediate values of the portfolio are not examined because the put option is European.
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Corollaly I . EP(7) 2 g(S, 7 ; E).

Proof: from ( 5 ) and (7), f ( S , T ; E ) -S 5 0 and from (16), EP(T)
2 g(S, 7 ; E). Q.E.D.
The intuition of this result is immediate. Because of limited liability on the common stock, the maximum value of the put option is E, and because the option is European, the proceeds cannot be collected for T years. The option cannot be worth more than the present value of a sure payment of its maximum value. Q.E.D.
Using the relationship g(S, T ; E ) = f(S, T ; E ) -S + EP(T),it
is straightforward to derive theorems for rational European put pricing which are analogous to the theorems for warrants in Section 2. In particular, whenever f is homogeneous of degree one or convex in S and E, so g will be also. The correct adjustment for stock and cash dividends is the same as prescribed for warrants in Theorem I I and its C~r o l i a r y .~~ Since the American put option can be exercised at any time, its price must satisfy the arbitrage condition
By the same argument used to derive ( 5 ) , it can be shown that
G(S, T ; E ) 2 g(S, T ; E), ( 1 8 )
where the strict inequality holds only if there is a positive probability of premature exercising. As shown in Section 2, the European and American warrant have the same value if the exercise price is constant and they are protected against payouts to the common stock. Even under these assumptions, there is almost always a positive probability of premature exercising of an American put, and hence, the American put will sell for more than its European counterpart. A hint that this must be so comes from Corollary 2 and arbitrage condition (17) .Unlike European options, the value of an American option is always a nondecreasing function of its expiration date. If there is no possibility of premature exercising, the value of an American option will equal the value of its European counterpart. By the Corollary to Theorem 1I, the value of a perpetual American put would be zero, and by the monotonicity argument on length of time to maturity, all American puts would have zero value. This absurd result clearly violates the arbitrage condition (17) for
S < E.
To clarify this point, reconsider the two portfolios examined in the European put analysis, but with American puts instead. The first portfolio contained a long position in the common stock at price S, a long position in an American put at price G(S, T ; E), and borrowings of [EP'(T)]. As was previously shown, if held until maturity, the outcome of the portfolio will be identical to those of an American (European) warrant held until maturity. Because we are now using American options with the right to exercise prior to expiration, the interim values of the portfolio must be examined as well. If, for all times prior to expiration, the portfolio has value greater than the exercise value of the American warrant, S -E, then to avoid dominance of the warrant, the current value of the portfolio must exceed or equal the current value of the warrant.
The interim value of the portfolio at T years until expiration when the stock price is S*, is
S* + G(S*, T ; E ) -EP1(T) = G(S", T ; E ) + (S* -E ) + E[l -P1(T)]> (S* -E).
Hence, condition (15) holds for its American counterparts to avoid dominance of the warrant, i.e.,
G(S, T ; E ) + S -EP'(T)2 F(S, T ; E). (19)
The second portfolio has a long position in an American call at price F(S, T ; E), a short position in the common stock at price S, and a loan of [EP(T)] dollars. If held until maturity, this portfolio replicates the outcome of a European put, and hence, must be at least as valuable at any interim point in time. The interim value of the portfolio, at T years to go and with the stock price at S*, is
F(S*, T ; E ) -S* + EP(T) = ( E -S*) + F(S*, T ; E ) -E [ l -P ( T ) ]< E -S*, if F(S*, T ; E ) < E[l -P ( T ) ]
, which is possible for small enough S*.
From (17), G(S*, T ; E ) 2 E -S*.
So, the interim value of the portfolio will be less than the value of an American put for sufficiently small S*. Hence, if an American put was sold against this portfolio, and if the put owner decided to exercise his put prematurely, the value of the portfolio could be less than the value of the exercised put. This result would certainly obtain if S* < E[l -P(T)].So, the portfolio will not dominate the put if inequality (16) does not hold, and an analog theorem to Theorem 12, which uniquely determines the value of an American put in terms of a call, does not exist. Analysis of the second portfolio does lead to the weaker inequality that
G(S, T ; E ) 5 E -S + F(S, T ; E). (20)
Theorem 13. If, for some T < T , there is a positive probability that f(S, T ; E ) < E[l -P ( T ) ] ,then there is a positive probability that a T-year, American put option will be exercised prematurely and the value of the American put will strictly exceed the value of its European counterpart.
Proof: the only reason that an American put will sell for a premium over its European counterpart is that there is a positive probability
Rational option pricing along BlackScholes lines
of exercising prior to expiration. Hence, it is sufficient to prove that
g(S, T; E ) < G(S, T; E). From Assumption 1, if for some T 5 T, g(S*, T; E ) < G(S*, T; E ) for some possible value(s) of S*, then g(S, T; E ) < G(S, 7.; E). From Theorem 12, g(S*, T; E ) = f(S*, T; E) -S* t EP(T). From (17), G(S*, T; E ) 2 Max [0, E -S*]. But g(S*, T; E ) < G(S*, T; E ) is implied if E -S* >f(S*, T; E ) -S* + EP(T), which holds if f(S*, T; E ) < E[l -P(T)]
. By hypothesis of the theorem, such an S* is a possible value. Q.E.D.
Since almost always there will be a chance of premature exercising, the formula of Theorem 12 or B-S equation (26) will not lead to a correct valuation of an American put and, as mentioned in Section 3, the valuation of such options is a more difficult analytical task than valuing their European counterparts. E A number of option pricing theories satisfy the general restrictions on a rational theory as derived in the previous sections. One such theory developed by B -S 2 is particularly attractive because it is a complete general equilibrium formulation of the problem and because the final formula is a function of "observable" variables, making the model subject to direct empirical tests.
B-S assume that: (1) the standard form of the Sharpe-LintnerMossin capital asset pricing model holds for intertemporal trading, and that trading takes place continuously in time; (2) the market rate of interest, r, is known and fixed over time; and (3) there are no dividends or exercise price changes over the life of the contract.
To derive the formula, they assume that the option price is a function of the stock price and time to expiration, and note that, over "short" time intervals, the stochastic part of the change in the option price will be perfectly correlated with changes in the stock price. A hedged portfolio containing the common stock, the option, and a short-term, riskless security, is constructed where the portfolio weights are chosen to eliminate all "market risk." By the assumption of the capital asset pricing model, any portfolio with a zero ("beta") market risk must have an expected return equal to the risk-free rate. Hence, an equilibrium condition is established between the expected return on the option, the expected return on the stock, and the riskless rate.
Because of the distributional assumptions and because the option price is a function of the common stock price, B-S in effect make use of the S a m u e l~o n~~ application to warrant pricing of the BachelierEinstein-Dynkin derivation of the Fokker-Planck equation, to express the expected return on the option in terms of the option price function and its partial derivatives. From the equilibrium condition on the option yield, such a partial differential equation for the option price is derived. The solution to this equation for a European call option is where @ is the cumulative normal distribution function, u2 is the instantaneous variance of the return on the common stock, dl -[ log (WE) + (r + $v2)r1/u&, and d2 -dl -,347.
An exact formula for an asset price, based on observable variables only, is a rare finding from a general equilibrium model, and care should be taken to analyze the assumptions with Occam's razor to determine which ones are necessary to derive the formula. Some hints are to be found by inspection of their final formula (21) and a comparison with an alternative general equilibrium development.
The manifest characteristic of (21) is the number of variables that it does not depend on. The option price does not depend on the expected return on the common risk preferences of investors, or on the aggregate supplies of assets. It does depend on the rate of interest (an "observable") and the total variance of the return on the common stock which is often a stable number and hence, accurate estimates are possible from time series data.
The Samuelson and Merton3%odel is a complete, although very simple (three assets and one investor) general equilibrium formulation. Their formula36 is f (S, 7; E ) = e-" (ZS -E)dQ(Z; T ) , (22 where dQ is a probability density function with the expected value of Z over the dQ distribution equal to err. Equations (22) and (21) will be the same only in the special case when dQ is a log-normal density with the variance of log ( 2 ) equal to (~~7 .~However, dQ is a risk-adjusted ("util-prob") distribution, dependent on both riskpreferences and aggregate supplies, while the distribution in (21) is the objective distribution of returns on the common stock. B-S claim that one reason that Samuelson and Merton did not arrive at formula (21) was because they did not consider other assets. If a result does not obtain for a simple, three asset case, it is unlikely that it would in a more general example. More to the point, it is only necessary to consider three assets to derive the B-S formula. In connection with this point, although B-S claim that their central assumption is the capital asset pricing model (emphasizing this over their hedging argument), their final formula, (21), depends only on the interest rate (which is exogenous to the capital asset pricing model) and on the total variance of the return on the common stock. It does not depend on the betas (covariances with the market) or other assets' characteristics. Hence, this assumption may be a "red herring." Although their derivation of (21 ) 
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162 / ROBERT C. MERTON important result deserves a rigorous derivation. In this case, the rigorous derivation is not only for the satisfaction of the "purist," but also to give insight into the necessary conditions for the formula to obtain. The reader should be alerted that because B-S consider only terminal boundary conditions, their analysis is strictly applicable to European options, although as shown in Sections 2 through 4, the European valuation is often equal to the American one.
Finally, although their model is based on a different economic structure, the formal analytical content is identical to Samuelson Initially, we consider the case of a European option where no payouts are made to the common stock over the life of the contract. We make the following further assumptions.
( 1 ) "Frictionless" markets: there are no transactions costs or differential taxes. Trading takes place continuously and borrowing and short-selling are allowed without r e~t r i c t i o n .~~ The borrowing rate equals the lending rate. ( 2 ) Stock price dynamics: the instantaneous return on the common stock is described by the stochastic differentialequation4'
where oi is the instantaneous expected return on the common stock, cr2 is the instantaneous variance of the return, and dz is a standard Gauss-Wiener process. a may be a stochastic variable of quite general type including being dependent on the level of the stock price or other assets' returns. Therefore, no presumption is made that d S / S is an independent increments process or stationary, although dz clearly is. However, "In [42] . See Merton [28] for a brief description of the relationship between the Samuelson and B-S models. 3g In [26] . 40 Although the derivation presented here is based on assumptions and techniques different from the original B-S model, it is in the spirit of their formulation, and yields the same formula when their assumptions are applied.
41The assumptions of unrestricted borrowing and short-selling can be weakened and still have the results obtained by splitting the created portfolio of the text into two portfolios: one containing the common stock and the other containing the warrant plus a long position in bonds. Then, as was done in Section 2, if we accept Assumption I, the formulas of the current section follow immediately.
42 For a general description of the theory of stochastic differential equations of the It6 type, see McKean [27] and Kushner [24] . For a description of their application to the consumption-portfolio problem, see Merton [32] , [33] , and [31] . Briefly, It6 processes follow immediately from the assumption of a continuoustime stochastic process which results in continuous price changes (with finite moments) and some level of independent increments. If the process for price changes were functions of stable Paretian distributions with infinite moments, it is conjectured that the only equilibrium value for a warrant would be the stock price itself, independent of the length of time to maturity. This implication is grossly inconsistent with all empirical observations.
--a is restricted to be nonstochastic and, at most, a known function of time.
(3) Bond price dynamics: P ( T ) is as defined in previous sections
and the dynamics of its returns are described by where F is the instantaneous expected return, a2 is the instantaneous variance, and dq(t; T ) is a standard GaussWiener process for maturity T . Allowing for the possibility of habitat and other term structure effects, it is not assumed that dq for one maturity is perfectly correlated with dq for another, i.e., where pTT may be less than one for T # T. However, it is assumed that there is no serial c~r r e l a t i o n~~ among the (unanticipated) returns on any of the assets, i.e.,
dq(s; ~) d q ( t ; T )
which is consistent with the general efficient market hypothesis of Fama and S a m u e l~o n .~~ F ( T ) may be stochastic through dependence on the level of bond prices, etc., and different for different maturities. Because P ( T )is the price of a discounted loan with no risk of default, P ( 0 ) = 1 with certainty and 6 (~) 0 . However, 6 is will definitely depend on T with 6(0) = otherwise assumed to be nonstochastic and independent of the level of P. In the special case when the interest rate is nonstochastic and constant over time, 6 = 0, w = r, and P ( T ) = e-rr. ( 4 ) Investor preferences and expectations: no assumptions are necessary about investor preferences other than that they 43 The reader should be careful to note that it is assumed only that the unarzticipared returns on the bonds are not serially correlated. Cootner [ l l ] and others have pointed out that since the bond price will equal its redemption price at maturity, the total returns over time cannot be uncorrelated. In no way does this negate the specification of (24), although it does imply that the variance of the unanticipated returns must be a function of time to maturity. An example to illustrate that the two are not inconsistent can be found in Merton [29] . Suppose that bond prices for all maturities are only a function of the current (and future) short-term interest rates. Further, assume that the short-rate, r, follows a GaussWiener process with (possibly) some drift, i.e., dr = adt + gdz, where a and g are constants. Although this process is not realistic because it implies a positive probability of negative interest rates, it will still illustrate the point. Suppose that all bonds are priced so as to yield an expected rate of return over the next period equal to r (i.e., a form of the expectations hypothesis):
and d P -rdt -g~d z . P By construction, dz is not serially correlated and in the notation of (24) satisfy Assumption 1 of Section 2. All investors agree on the values of u and 6, and on the distributional characteristics of dz and dq. It is not assumed that they agree on either a or F .~~ From the analysis in Section 2, it is reasonable to assume that the option price is a function of the stock price, the riskless bond price, and the length of time to expiration. If H(S, P, T; E) is the option price function, then, given the distributional assumptions on S and P, we have, by Ita's Lemma,46 that the change in the option price over time satisfies the stochastic differential equation, where subscripts denote partial derivatives, and (dS)2= uWS"dt, (dP)2 = 62P2dt, d~ = -dt, and (dSdP) = pu6SPdt with p, the instantaneous correlation coefficient between the (unanticipated) returns on the stock and on the bond. Substituting from (23) and (24) and rearranging terms, we can rewrite (25) In the spirit of the Black-Scholes formulation and the analysis in Sections 2 thru 4, consider forming a portfolio containing the common stock, the option, and riskless bonds with time to maturity, T, equal to the expiration date of the option, such that the aggregate investment in the portfolio is zero. This is achieved by using the proceeds of short-sales and borrowing to finance long positions. Let W1 be the (instantaneous) number of dollars of the portfolio invested in the common stock, W2 be the number of dollars invested in the option, and W3 be the number of dollars invested in bonds. Then, the condition of zero aggregate investment can be written as W1 + W2+ W3 = 0. If dY is the instantaneous dollar return to the portfolio, it can be shown47 that where W:, = -(W1 + W2) has been substituted out. 4 5 This assumption is much more acceptable than the usual homogeneous expectations. It is quite reasonable to expect that investors may have quite different estimates for current (and future) expected returns due to different levels of information, techniques of analysis, etc. However, most analysts calculate estimates of variances and covariances in the same way: namely, by using previous price data. Since all have access to the same price history, it is also reasonable to assume that their variance-covariance estimates may be the same. Suppose a strategy, Wj = Wj*, can be chosen such that the coefficients of dz and dq in (27) are always zero. Then, the dollar return on that portfolio, dY*, would be nonstochastic. Since the portfolio requires zero investment, it must be that to avoid "arbitrage"48 profits, the expected (and realized) return on the portfolio with this strategy is zero. The two portfolio and one equilibrium conditions can be written as a 3 X 2 linear system, A nontrivial solution (Wl* f 0; W2* # 0) to (28) exists if and only if
Because we make the "bucket shop" assumption, P, a, 6, and u are legitimate exogeneous variables (relative to the option price), and P, 7, and 7 are to be determined so as to avoid dominance of any of the three securities. If (29) holds, then ?/u = 1 -7/6, which implies from the definition of y and in (26) , that
Although it is not a sufficient condition, by Euler's theorem, (31) is a necessary condition for H to be first degree homogeneous in (S, P ) as was conjectured in Section 2.
The second condition from (29) is that P -/I = ?(a -w)/a, which implies from the definition of 6 and y in (26) that or, by combining terms, that Substituting for H from (31) and combining terms, (33) can be rewritten as which is a second-order, linear partial differential equation of the parabolic type.
If H is the price of a European warrant, then H must satisfy (34) subject to the boundary conditions:
since by construction, P(0) = 1.
Define the variable x --S/EP(T), which is the price per share of stock in units of exercise price-dollars payable at a $xed date in the future (the expiration date of the warrant). The variable x is a welldefined price for T 2 0, and from (23), (24) , and Its's Lemma, the dynamics of x are described by the stochastic differential equation, From (35), the expected return on x will be a function of S, P, etc., through a and w, but the instantaneous variance of the return on x, V2(7), is equal to u2 + a2 -2~~6 , and will depend only on T. Motivated by the possible homogeneity properties of H, we try the change in variables, h(x, T; E ) --H(S, P, T; E)/EP where h is assumed to be independent of P and is the warrant price evaluated in the same units as x. Substituting (h, x ) for (H, S ) in (34), (34a) and (34b), leads to the partial differential equation for h, subject to the boundary conditions, h(0, T ; E ) = 0, and h(x, 0; E ) = Max[O, x -I]. From inspection of (36) and its boundary conditions, h is only a function of x and T, since V2 is only a function of T. Hence, the assumed homogeneity property of H is verified. Further, h does not depend on E, and so, H i s actually homogeneous of degree one in [S, EP(T)].
Consider a new time variable, T = So7 V2(s)ds. Then, if we define y(x, T) --h(x, T ) and substitute into (36), y must satisfy subject to the boundary conditions, y(0, T) = 0 and y(x, 0) = Max [0, x -I ] . Suppose we wrote the warrant price in its "full functional form," H(S, P, T; E, u2, 62, p). Then, and is the price of a warrant with T years to expiration and exercise price of one dollar, on a stock with unit instantaneous variance of return, when the market rate of interest is zero over the life of the contract.
Once we solve (37) for the price of this "standard" warrant, we have, by a change of variables, the price for any European warrant. Namely, Hence, for empirical testing or applications, one need only compute tables for the "standard" warrant price as a function of two variables, stock price and time to expiration, to be able to compute warrant 166 1 ROBERT C . MERTON prices in general.
To solve (37), we first put it in standard form by the change in variables Z -l og (x) + T/2 and +(Z, T) = y(x, T)/x, and then substitute in (37) to arrive at 0 = 3+11 -+a, (39) subject to the boundary conditions: j+(Z, T)I 5 1 and +(Z, 0 )
. Equation (39) is a standard free-boundary problem to be solved by separation of variables or Fourier transf o r m~.~Ĩts solution is
where erfc is the error complement function which is tabulated,
and h2 -= -[log x -+T]/.JD. Equation (40) is identical to (21) with r = 0, u2 = 1, and E = 1. Hence, (38) will be identical to (21 ) the B-S formula, in the special case of a nonstochastic and constant interest rate (i.e., 6 = 0, /I = r, P = e-y7, and T -u27) . Equation (37) corresponds exactly to Samuelson's equationa for the warrant price in his "linear" model when the stock price is lognormally distributed, with his parameters a = fl = 0, and u 2 = 1. Hence, tables generated from (40) could be used with (38) for valuations of the Samuelson formula where e-a7 is substituted for P(T) in (38) " Since a in his theory is the expected rate of return on a risky security, one would expect that e-a7 < P(T). AS a consequence of the following theorem, e-ar < P(T) would imply that Samuelson's forecasted values for the warrants would be higher than those forecasted by B-S or the model presented here. Theorem 14. For a given stock price, the warrant price is a nonincreasing function of P(T), and hence, a nondecreasing function of the T-year interest rate.
Proof: it follows immediately, since an increase in P is equivalent to an increase in E which never increases the value of the warrant. Because we applied only the terminal boundary condition to (34), the price function derived is for an European warrant. The correct boundary conditions for an American warrant would also include the arbitrage-boundary inequality
Since it was assumed that no dividend payments or exercise price changes occur over the life of the contract, we know from Theorem 1, that if the formulation of this section is a "rational" theory, then 49 For a separation of variables solution, see Churchill [ 9 ] , pp. it will satisfy the stronger inequality H 2 Max[O, S -EP(T)] [which is homogeneous in S a n d EP(T)], and the American warrant will have the same value as its European counterpart. Samuelson argued that solutions to equations like (21) and (38) will always have values at least as large as Max[O, S -El, and Samuelson and Mertonj2 proved it under more general conditions. Hence, there is no need for formal verification here. Further, it can be shown that (38) satisfies all the theorems of Section 2.
As a direct result of the equal values of the European and American warrants, we have:
Theorem 15. The warrant price is a nondecreasing function of the variance of the stock price return.
Proof: from (38), the change in H with respect to a change in variance will be proportional to y2. But, y is the price of a legitimate American warrant and hence, must be a nondecreasing function of time to expiration, i.e., yn 2 0. Q.E.D.
Actually, Theorem 15 is a special case of the general proposition (Theorem 8) proved in Section 2, that the more risky is the stock, the more valuable is the warrant. Although Rothschild and Stiglitz53 have shown that, in general, increasing variance may not imply increasing risk, it is shown in Appendix 2 that variance is a valid measure of risk for this model.
We have derived the B-S warrant pricing formula rigorously under assumptions weaker than they postulate, and have extended the analysis to include the possibility of stochastic interest rates.
Because the original B-S derivation assumed constant interest rates in forming their hedge positions, it did not matter whether they borrowed or lent long or short maturities. The derivation here clearly demonstrates that the correct maturity to use in the hedge is the one which matches the maturity date of the option. "Correct" is used in the sense that if the price P(T) remains fixed while the price of other maturities changes, the price of a T-year option will remain unchanged.
The capital asset pricing model is a sufficient assumption to derive the formula. While the assumptions of this section are necessary for the intertemporal use of the capital asset pricing model,j4 they are not sufficient, e.g., we do not assume that interest rates are nonstochastic, that price dynamics are stationary, nor that investors have homogeneous expectations. All are required for the capital asset pricing model. Further, since we consider only the properties of three securities, we do not assume that the capital market is in full general equilibrium. Since the final formula is independent of CY or p , it will hold even if the observed stock or bond prices are transient, nonequilibrium prices.
The key to the derivation is that any one of the securities' returns over time can be perfectly replicated by continuous portfolio combinations of the other two. A complete analysis would require that all three securities' prices be solved for simultaneously which, in general, would require the examination of all other assets, knowledge of preferences, etc. However, because of "perfect substitutability" of the securities and the "bucket shop" assumption, supply effects can be neglected, and we can apply "partial equilibrium" analysis resulting in a "causal-type" formula for the option price as a function of the stock and bond prices.
This "perfect substitutability" of the common stock and borrowing for the warrant or the warrant and lending for the common stock explains why the formula is independent of the expected return on the common stock or preferences. The expected return on the stock and the investor's preferences will determine how much capital to invest (long or short) in a given company. The decision as to whether to take the position by buying warrants or by leveraging the stock depends only on their relative prices and the cost of borrowing. As B-S point out, the argument is similar to an intertemporal ModiglianiMiller theorem. The reason that the B-S assumption of the capital asset pricing model leads to the correct formula is that because it is an equilibrium model, it must necessarily rule out "sure-thing" profits among perfectly correlated securities, which is exactly condition (29). Careful study of both their derivations shows that (29) is the only part of the capital asset pricing model ever used.
The assumptions of this section are necessary for (38) and (40) to hold.55 The continuous-trading assumption is necessary to establish perfect correlation among nonlinear functions which is required to form the "perfect hedge" portfolio mix. The Samuelson and Merton models6 is an immediate counter-example to the validity of the formula for discrete-trading intervals.
The assumption of It6 processes for the assets' returns dynamics was necessary to apply It6's Lemma. The further restriction that u and 6 be nonstochastic and independent of the price levels is required so that the option price change is due only to changes in the stock or bond prices, which was necessary to establish a perfect hedge and to establish the homogeneity property (31) .s7 Clearly if investors did not agree on the value of V2(7), they would arrive at different values for the same warrant.
The B-S claim that (21) or (38) is the only formula consistent with capital market equilibrium is a bit too strong. It is not true that if the market prices options differently, then arbitrage profits are ensured. It is a "rational" option pricing theory relative to the assumptions of this section. If these assumptions held with certainty, then the B-S formula is the only one which all investors could agree on, and no deviant member could prove them wrong.5s
If most of the "frictionless" market assumptions are dropped, it may be possible to show that, by substituting current institutional conditions, (38) and (40) To analyze the effect of dividends on unprotected warrants, it is helpful to assume a constant and known interest rate r. Under this assumption, 6 = 0, p = I., and P(T) = e-lr. Condition (29) simplifies to
(41 Let D(S, T ) be the dividend per share unit time when the stock price is S and the warrant has T years to expiration. If a: is the instantaneous, total expected return as defined in (23), then the instantaneous expected return from price appreciation is [a: -D(S, T)/S]. Because P(T) is no longer stochastic, we suppress it and write the warrant price function as W(S, T; E). As was done in ( 2 5 ) and (26), we apply Its's Lemma to derive the stochastic differential equation for the warrant price to be Note: since the warrant owner is not entitled to any part of the dividend return, he only considers that part of the expected dollar return to the common stock due to price appreciation. From (42) and the definition of @ and y,we have that
Applying (41) to (43), we arrive at the partial differential equation for the warrant price,
(44) subject to the boundary conditions, W(0, T; E ) = 0, W(S, 0; E ) = Max [0, S -El for a European warrant, and to the additional arbitrage boundary condition, W(S, T; E ) 2 Max [0, S -El for an American warrant. Equation (44) will not have a simple solution, even for the European warrant and relatively simple functional forms for D. In evaluating the American warrant in the "no-dividend" case (D = O), the arbitrage boundary inequalities were not considered explicitly in arriving at a solution, because it was shown that the European warrant price never violated the inequality, and the American and European warrant prices were equal. For many dividend policies, the solution for the European warrant price will violate the inequality, and for those policies, there will be a positive probability of premature exercising of the American warrant. Hence, to obtain a correct value for the American warrant from (44), we must explicitly consider the boundary inequality, and transform it into a suitable form for solution.
If there exists a positive probability of premature exercising, then, for every T, there exists a level of stock price, C[T], such that for all S > C[T], the warrant would be worth more exercised than if held.
Since the value of an exercised warrant is always (S -E), we have the appended boundary condition for (44),
where W satisfies (44) for 0 5 S 5 C[T].
If C[T] were a known function, then, after the appropriate change of variables, (44) with the European boundary conditions and (44a) appended, would be a semiinfinite boundary value problem with a time-dependent boundary. However, C[T] is not known, and must be determined as part of the solution. Therefore, an additional boundary condition is required for the problem to be well-posed.
Fortunately, the economics of the problem are sufficiently rich to provide this extra condition. Because the warrant holder is not contractually obliged to exercise his warrant prematurely, he chooses to do so only in his own best interest (i.e., when the warrant is worth more "dead" than "alive"). Hence, the only rational choice for C[T] is that time-pattern which maximizes the value of the warrant. Let f(S, T; E, C[T]) be a solution to (44)-(44a) for a given C[T] function. Then, the value of a T-year American warrant will be W(S, T ; E ) = Maxf (S, T; E, C).
(45 icl Further, the structure of the problem makes it clear that the optimal C[T] will be independent of the current level of the stock price. In attacking this difficult problem, S a m u e l~o n~~ that postulated the extra condition was "high-contact" at the boundary, i.e., It can be shown60 that (44b) is implied by the maximizing behavior described by (45). So the correct specification for the American warrant price is (44) with the European boundary conditions plus (44a) and (44b). For c = c*,f = 0. Hence, f;(c*, c*) = dlzldc. In the case of the text, h = c -E, and the "high-contact" solution,f1(c*, c*) = 1, is proved.
In A second example of a simple dividend policy is the constant one where D = d, a constant. Unlike the previous proportional policy, premature exercising may or may not occur, depending upon the values for d, I., E, and -T. In particular, a sufficient condition for no premature exercising was derived in Section 3. Namely, If (13) where M is the confluent hypergeometric function, and W is plotted in Figure 2 . which becomes (46) when the boundary conditions are applied. Analysis of (46) shows that W passes through the origin, is convex, and is asymptotic to the line ( S -d / r ) for large S, i.e., it approaches the common stock value less the present discounted value of all future dividends forgone by holding the warrant.
Consider the case of a continuously changing exercise price, E(T), where E is assumed to be differentiable and a decreasing function of the length of time to maturity, i.e., d E / d~ = -dE/dt = -E < 0.
The warrant price will satisfy (44) , which is a general sufficient condition for no premature exercising.
As the first example of an application of the model to other types of options, we now consider the rational pricing of the put option, relative to the assumptions in Section 7. In Section 4, it was demonstrated that the value of an European put option was completely determined once the value of the call option is known (Theorem 12). B-S give the solution for their model in equation (26) . It was also demonstrated in Section 4 that the European valuation is not valid for the American put option because of the positive probability of premature exercising. If G(S, T ; E ) is the rational put price, then, by the same technique used to derive (44) with D = 0, G satisfies subject to G(w , T; E ) = 0, G(S, 0; E ) = Max [0, E -S], and G(S, T; E ) 2 Max [0, E -S].
From the analysis by Samuelson and M~K e a n~~ warrants, on there is no closed-form solution to (48) for finite T. However, using their techniques, it is possible to obtain a solution for the perpetual put option (i.e., T = w ). For a sufficiently low stock price, it will be advantageous to exercise the put. Define C to be the largest value of the stock such that the put holder is better off exercising than continuing to hold it. For the perpetual put, (48) reduces to the ordinary differential equation, which is valid for the range of stock prices C S S 5 w . The boundary conditions for (49) are: G(C, w ; E ) = E -C, and (49'3 choose C so as to maximize the value of the option, which follows from the maximizing behavior arguments of the (49c) previous section.
From the theory of linear ordinary differential equations, solutions to (49) involve two constants, al and a2. Boundary conditions (49a), (49b), and (49c) will determine these constants along with the unknown lower-bound, stock price, C. The general solution to (49) is where 7 = 2r/u2 > 0. Equation (49a) requires that al = 0, and (49b) requires that a2 = (E -C)Cr. Hence, as a function of C, To determine C, we apply (49c) and choose that value of C which maximizes (51), i.e., choose C = C* such that aG/aC = 0. Solving this condition, we have that C* = rE/(l + r ) , and the put option price is, E G(S, ; E ) = ------[(I + r)S/rEI-'
(1 + r )
The Samuelson "high-contact" boundary condition as an alternative specification of boundary condition (49c), can be verified by differentiating (52) with respect to S and evaluating at S = C*. Figure 3 illustrates the American put price as a function of the stock price and time to expiration. Although we cannot apply the simple calculus technique for finding the maximizing 3, it is obviously S = K + E, since for 3; < K + E, Cis an increasing function of 3and for S > K + E, it is a decreasing function. Hence, the value of the call provision is and because F = H -C, the value of the callable perpetual warrant is It has been shown that a B-S type model can be derived from weaker assumptions than in their original formulation. Themain attractions of the model are: (1) the derivation is based on the relatively weak condition of avoiding dominance; (2) the final formula is a function of "observable" variables; and (3) the model can be extended in a straightforward fashion to determine the rational price of any type option.
The model has been applied with some success to empirical investigations of the option market by Black and Scholes and to warrants by L e~n a r d .~~
As suggested by Black and Scholes and M e r t~n ,~~ the model can be used to price the various elements of the firm's capital structure. Essentially, under conditions when the Modigliani-Miller theorem obtains, we can use the total value of the firm as a "basic" security (replacing the common stock in the formulation of this paper) and the individual securities within the capital structure (e.g., debt, convertible bonds, common stock, etc.) can be viewed as "options" or "contingent claims" on the firm and priced accordingly, So, for example, one can derive in a systematic fashion a risk-structure of interest rates as a function of the debt-equity ratio, the risk-class of the firm, and the riskless (in terms of default) debt rates.
Using the techniques developed here, it should be possible to develop a theory of the term structure of interest rates along the 71 In [5] and [25] , respectively. 7"n (41 and [29], respectively. lines of Cootner and M e r t~n .~~ The approach would also have application in the theory of speculative markets.
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